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ABSTRACT

The velocity and pressure field of an unsteady line source is calculated

by a similarity method when its strength is taken to have a step-function time de-

pendence, The acoustic approximation is used in the case when the source lies on

the stationary plane interface between homogeneous fluids of different density; the

velocity of sound in each fluid is also different.

The time derivative of the solution in section 1 of this acoustic prob-

lem gives the velocity pQtential when an acoustic line pulse occurs in the surface

of, say, a deep sea. This is a first order solution in which the interaction of

the acoustic disturbance above and below the interface is examined.

The solution in section 1 is also of direct application in electromagnetic

theory. This is discussed in section 3.
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INTRODUCTION

In some recent work Craggs (1956, 1957) and Papadopoulos (1959a, 1959b)

have shown the value of the -ssumption of dynamic isimilarity in the solution of a

number of unsteady two-dimensional problems in various physical situations. In each

case the unknown quantity satisfies the wave equation.

In this paper we shall determine the nature of the field of a uniform line

source which is suddenly set up at some definite moment on the plane interface between

two different homogeneous fluids. We assume a linearized equation of state, and that

the source is weak enough for the acoustic approximation to be valid. We take the

source to be at the origin r=O, and we take the time t=O to be the moment at which

the source is made active. Under the assumption that the subsequent unsteady motion is

irrotational it is well known (see e.g. Friedlander 1958) that the velocity potential

satisfies the wave equation Vf(rQ,t) - where c is the velocity of sound

in the medium at rest, while the pressure change p and the particle velocity • sat-

isfy the equations

Here p refers to the constant density in an undisturbed medium.

Within a single uniform medium, it is known (see e.g. Lamb 1932) that the

potential of a line source of uniform density U(t) ( U(t) =0S tO , U(t) W 1 ý t?-O)

is J_ sechl (r/ct); it is clear from this result that it is reasonable to assume

in the present problem that the velocity potential depends only on two variables

s(=r/t) and 9 . This is the assumption of dynamic similarity. It may be added

that the pressure corresponding to the above potential is identical with Hadamard's

elementary solution (1923) of the wave equation in two dimensions.
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Suppose now that some quantity S(s,Q) satisfies the wave equation in

the variables (r,Q,t). Then since s=r/t) it follows that S must satisfy the

equation

-((2)

If s>c, the equation is bayperbolic. Put so c sec u., so that

a0 (3)

and

S-f(u-9) + g(u+G) (h).

where f and g are arbitrary functions, and the lines on which u+Q and u-9

are constant are characteristic lines tangent to the circle s=c. If s < c, the

equation 2 is elliptic. Put s=c sech ( -v) so that

__ S S = * (5)

It follows from equation 5 that with the harmonic function S in the elliptic

region we may introduce a conjugate T(v,@), so that W=S + iT is an analytic

function, and such that

_ - __W_(6)

In section 1 the detailed solution of the acoustic problem.is given. In section

3 is described the change to be made to give thb results relevant in the setting

up of a charged line or of a line current.
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Section 1

In Figure 1, we depict the physical situation in the (s,Q) plane. The

upper half of this plane, 0<Q-T , represents the region occupied by a medium 1,

and the lower half, O> @>-W(, that occupied by a medium 2. The density e and

the sound velocity c are distinguished by the suffix 1 or 2 where appropriate.

We assume that cI 1 > c2  . The semicircles $i , *=c 2 separate the elliptic and

the hyperbolic regions in each medium.

There are three principal requirements on the solution of our problem. The

first is that the solution of the steady problem shall be approached in the limit as

S -2 0 (i.eo as t -> oo). The second is that at the interface both the pressure

and the normal component of velocity shall be cont Puous, and the third is that the

interface shall remain fixed.

Suppose that the quantity S and the velocity potential are related by the

equation fc2 •= . From the equations 1 it follows that the radial and transverse

components (qr' qQ) of the velocity, and the pressure , satisfy the equations

- (7)

Put m=c2/cl, k=( 2 /fl, then the continuity conditions may be written in the form

_ _ (8)

and

fri L _ (9)

We may refer again to Figure 1 to discuss some of the properties of
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the solution. In the hyperbolic region, it is clear that the value of S as

a -- 0o corresponds to the initial value of S. Hence S is uniformaly zero

at infinity for all values of @ and from the nature of the solution 4 it follows

that the value of S is everyiwhere zero outside the region AFDEo Within the tri-

angle CDG the solution is necessarily of the form S2 =f(v-Q), and in the triangle

ABH the solution Afst be of the form. S -g(u @), wnere f and g are functions to

to be determined. The solution must be syrmmtric about the vertical. axis in Figure 1,

hence we need only examine the field in the right-hand half of the (s,@) plane.

Consider the region s_<c , 0 -JI/2o In this region

i) the IlIne OE is a line of symnetry on which ) S/ / 0.

The arc ED , which is the envelope of the characteristics in the hyperbolic region,

is itself a characteristic. Across this arc the pressure and the radial velocity will

be discontinuous. The taigential valocity component mast be continuous, however, so

that

iij onIM 8 0-.

The continuity of pressure and of no7nal velocity across the interface CD implies

that on CD

k 'ck-b U$ ý ~ /

Thus - so V-b.w_ - tk N c 0 oh.

On physical grounds we may empect sin'g:larities in W only at the points

O,C,DtA EThe first quadrant in the cirole in t.e (s,O) plane corresponds to a

AF 4561/5 4,



semi-infinite strip in the complex (v ,Q) plane, and under the transformation

. =sech (vn i@) we may map this strip conformally into the upper half

of the complex J-plane. The conditions just enumerated are that

i) singularities are to be expected only at the points , and oO

ii) is imaginary, for -~j0) D~

iii) ) , /is afor 0= a

iv) for ALI<O ry\,- 1

where R (J1 ) is a function which must take real values on this segment of the

real axds. Since s-c I Q= 71/2 is an ordinary point both for S alid for •A•@

it follows that as t-1 -. 0

As 1, -- , 0p the field must approach the steady state value, and therefore

vi) bVW / -0o(af for P -

Thus after applying these conditione we may write

it is implied -that F( • ) is bounded as co --, c , is real on the positive

real axis for -7 m, and is real on the imaginary axis. This final condition

implies that F must be an even function of 41

Whatever may be the formula for F ( f) which we shaf determine, we must,

in setting up the solution for medium 2 9 satisfy the continuity conditions across

OC. If in this elliptic region we use the conformal ma4pping f = 2+ Q

=sech (v2 +i@) to bring the region of interest., 8102. 0>Q >-r/2, into the fourth
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quadrant of the -plane, then across OC, f =m f , and the

continuity conditions are

and 'T--.(12)

rýT

It is cledr under the conditions imposed that F( . ) must be real on the

whole of the real axis. If F( ý' ) is complex on the real axis for 0 < <I m

there must be branch points of F at the points 4l =0 and m in.

Hence for this region we may write

A -- 4•-:-• (,13)

where A( ) and B( ) are even functions of f which are real on

the whole of the real axis and which are bounded as o , --. oo. The continuity

conditions (12) lead to the equation

k - t - ' c,- (Jh)

This result derived for real values of with 0 14 1, may Ie

continued analytically into the whole of the fourth quadrant of the -plane. If

the function B exists, expression (14) has a simple pole at -1 so that

has adiscontinuity at this point. At the corresponding point = m, W1 has no

discontinuity (from equations 11 and 13); the only way to avoid this inconsistency

is to set B,-= 0 . It follows that F( ) is a regular function bounded
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at infinity and real on the real axis, so that it can only be a real constant A.

We may now write the explicit results,

The velocity components and the pressure, thich are related to the

derivatives of S as in the equations 7 , may now be found. Thus for s~ c

in medium 1 , when 4 = sech (v, .ig) and s-c, sech

AI

_ - A T,

- A 7 - I k

and for s< C14 in medium 2 vh = sech ("G) amd sc2 sech (-12)

•,•1 -•" • k•_I(11)

The constant A is a measure of the volume of fluid produced by the line

source; by considering the stea1dy state in Vae limit a -; o or o we find

that the volume created in each medium is --Trk Ac 1
2 /l*k in medium 1 and

V A c1
2 /1+k in medium 2. Thus the eventual strength of the source i8 Ac 1

2 ; the

fluid then produced is apportioned between the two media in the inverse ratio of the

densities so that the mass of fluid produced is the same in each medium,

To determine the velocity components and the pressure in the hyperbolic

A 61/5
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region CDG, we use the explicit results derived from equation 16 and 17 for

points on the boundary CD, and we use the characteristic form of the solution in

CDG to find the complete result. Thus in CDG S2 =f(u-9) where s/c 2 =sec u;

t4kefoe 2 -f'(u-9). For c2 s oI

f I(u) k~( )I* i ~ ~ (8

It fol1ows that in CDG ,

where -

Similarly the derivative • S,/DS is given by the equation

" s- C ,.. (2 0 )

A 4561/5
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Section 2

As far as fluid motion is concerned the analysis of section 1 is merely

an exercise in setting up a quantity which has the property of dynamic similarity

in a region with the properties given. By assuming uniform densities for two media,

we are of course neglecting gravity, but it is not clear whether we can neglect this

effect at the interface. Under the usual first order approximations, given a small

displacement j = j(t) in the position of the surface, the conditions of contin-

uity of pressure and of normal velocity take the form

where 1kýej- = is the axis normal to the interface.

Although from these equations alone we may only find what sort of surface

waves may exist on the interface by prescribing a form for the displacement we shall

eliminate the dispersive effects due to gravity by insisting that 2 be zero for

all time. The assumption of an acoustic line source of infinitessimal amplitude and

step-function time-dependence in section 1 in no way violates this assertion.

With these remarks in mind we can now state that the results for an

(acoustic) source (of delta function time dependence) on the interface arise simply

from the formulae in section 1 by differentiating with respect to time throughouto

Thus the known results for in section 1 represent the values of the

velocity potential in the impulse problem.
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These values aree, o A c,2o -•D • • ' • ,-,
_ec~ ~ Q ) • C.,, { " ___ E--" '•

0- (o- V*-J+t ,-

This final expression for is valid within the hyperbolic region GCD.
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Secton 3

The results derived in the acoustic problem are applicable in the theory

of electromagnetic pulses involved in the sudden setting-up of a current in an

infinite line or of a charged line on the interface between two media. In the former

case the vector potential has only one component Az= c2 S(s,Q), the constant k

is the ratio of the magnetic permeabilities / and m is the ratio

c2/t The non-zero field components, derived from Maxwell's equations are
c2/ 1e -- ei-

For the charged line we relate the quantity S to the scalar potential

through the equation c2 S. In this case k is the ratio of the

dielectric constants e!/c, , and the non-zero field components are

-S I) E

The results given in equation 16, 17, 19 and 20 may be used directly

to derive the field components.
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CONCLUSION

The assumption of dynamic similarity is used to determine the velocity

potential of an impulsive line source which is suddenly set up on the plane which

separates two media of different density and sound velocity. The solution for the

potential may be identified with Hadamard's elementary solution of the wave e~ua-

tion in the homogeneous case, when

c,2

In the case of the two media considered in this paper there are similar algebraic

singularities on the shoc% fronts r = ct in medium 1 and r =c2 t in medium

2.

A feature of the solution is that since I/4- is real on the sec-

tion OC of the interface, there is no normal velocity between the two subsonic

regions. This section of the interface is a contact discontinuity (i.e. OC is

a steadily expanding vortex-sheet).

The author presented these results verbally at the spring meeting of

the rJ.R.S.I. in Washington, D. C. A similar method has been used independently

by Keller and Gardner (1959) to find the solution for a line dipole.
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I 285 North American Aviation, Inc. 1
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Los Angeles 45, California
ATTN: Engineering Technical File

I 286 Page Communications Engineers, Inc. 1
710 Fourteenth Street, Northwest
Washington 5, D. C.
ATTN.- Librarian

I 287 Philco Corporation 1
Tioga & C Streets
Philadelphia 34, Pennsylvania
ATTN. Mrs. Dorothy S. Collins

Research Librarian

1 225 Pickard and Burns, Inc. 1
240 Highland Avenue
Needham 94, Massachusetts
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1 288 Polytechnic Research and Development Co. Inc. 1
202 Tillary Street
Brooklyn 1, New York
ATTN: Technical Library

I 232 Radiation Engineering Laboratory 1
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ATTN- Dr. John Ruze

1 289 Radiation, Inc. 1
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Melbourne, Florida
ATTN: Technical Library, Mr. M. L. Cox

I 233 Radi-o Corp. of America 1
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Rocky Point, New York
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The Rand Corporation
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Calabasas, California
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I 104 Sylvania Electric Products, Inc. 1
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Sherman Oaks, California
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U 157 California Institute of Technology 1
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U 101 Carnegie Institute of Technology 1
Schenley Park
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ATTN: Prof. A. E. Heins
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ATTN: Prof. S. Seeley
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ATTN: Dr. Schlesinger

U 238 University of Southern California 1
University Park
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ATTN: Z. A. Kaprielian
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School of Electrical Engineering
Ithaca, New York
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Gainesville, Florida
ATTN: Professor M. H. Latour, Library

U 59 Library
Georgia Institute of Technology
Engineering Experiment Station
Atlanta, Georgia
ATTN: Mrs. J. H. Crosland, Librarian

U 102 Harvard University
Technical Reports Collection
Gordon McKay Library, 303A Pierce Hall
Oxford Street, Cambridge 38, Massachusetts
ATTN: Librarian

U 103 University of Illinois
Documents Division Library
Urbana, Illinois

U 104 University of Illinois
College of Engineering
Urbana, Illinois
ATTN. Dr. P. E. Mayes, Department of

Electrical Engineering

AF 4561



List S-S - Page 17

Code Organization No. of Copies
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Chicago 16, Illinois
ATTN: Dr. George I. Cohn

Electronics Research Laboratory

U 240 Illinois Institute of Technology
Technology Center
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.Electronics Research Laboratory
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Department of Physics
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ATTN: Dr. Donald E. Kerr
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Applied Physics Laboratory
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ATTN: Mr. George L. Seielstad

U 288 University of Kansas 1
Electrical Engineering Department
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ATTN. Dr. H. Unz

U 68 Lowell Technological Institute
Research Foundation
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U 32 Massachusetts Institute of Technology
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Cambridge 39, Massachusetts
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Engineering Research Institute
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U 37 University of Michigan
Engineering Research Institute
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ATTN.- Librarian

viass Facility Security Officer

U 108 University of Minnesota
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ATTN: Mr. Robert H. Stumm, Library

U 194 Physical Science Laboratory
New Mexico Collegb of Agriculture and Mechanic Arts
State College, New Mexico
ATTN. Mr. H. W. Haas

U 39 New York University
Institute of Mathematical Sciences
Room 802, 25 Waverly Place
New York 3, New York
ATTN- Professor Morris Kline

U 96 Northwestern University
Microwave Laboratories
Evanston, Illinois
ATTN: R. E. Beam

U 78 Ohio State University Research Foundation
1314 Kinnear Road
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ATTN: Dr. T. E. Tice

Department of Electrical Engineering
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U 109 The University of Oklahoma 1
Research Institute
Norman, Oklahoma
ATTN: Professor C.L. Farrar, Chairman

Electrical Engineering

U 45 The Pennsylvania State University 1
Department of Electrical Engineering
University Park, Pennsylvania

U 185 University of Pennsylvania 1
Institute of Cooperative Research
3400 Walnut Street
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ATTN: Department of Electrical Engineering

U 48 Polytechnic Institute of Brooklyn
Microwave Research Institute
55 Johnson Street
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ATTN: Dr. Arthur A. Oliner

U 97 Polytechnic Institute of Brooklyn
Microwave Research Institute
55 Johnson Street
Brooklyn, New York
ATTN: Mr. A. E. Laemmel

U 184 Purdue University
Department of Electrical Engineering
LafayetteV Indiana
ATTN: Dr. Schultz

U 188 Seattle University r

Department of Electrical Engineering
Broadway and Madison
Seattle 22, Washington
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U 190 Stanford University
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Microwave Laboratory
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U nlO Syracuse University of Research Institute 1
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Syracuse 10, New York
ATTN: Dr. C. S. Grove, Jr. Director of
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U 186 University of Tennessee
Ferris Hall
W. Cumberland Avenue
Knoxville 16, Tennessee

U ill The University of Texas
Electrical Engineering Research Lab.
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Austin 12, Texas
ATTN: Mr. John R. Gerhardt
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U 51 The University of Texas
Defense Research Laboratory
Austin, Texas
ATTN: Claude W. Horton, Physics Library

U 132 University of Toronto
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Toronto, Canada
ATTN: Professor G. Sinclair

U 133 University of Washington
Department of Electrical Engineering
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.U 187 University of Wisconsin
Department of Electrical Engineering
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ATTN: Dr. Scheibe
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University Park
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ATTN: Dr. Raymond L. Chuan

Director, Engineering Center
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